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Abstract 
Coordinates Measuring Arms (CMA) are increasingly used to control industrial parts and are often an alternative to CMM 
controls that require conditions of laboratory measurement and involve significant costs. However, the control of uncertainties is 
often not guaranteed because the measurement process is complex and there is no standard for setting a framework qualification 
process of the measurement process. 
 
The proposed study, in this paper, is a first approach to model the measurement uncertainties of a CMA with contact sensor. The 
problem is complex because there are many sources of uncertainty, largely due to variability in the handling carried out by the 
operator. 
 
A model, based on Denavit-Hartenberg description, has been developed taking into account the measurement conditions (i.e.: the 
influence not only of the temperature, of the encoder error, of the deformation of different parts of the arm, of the noise of 
external vibrations, but also of the calibration parameters). The Monte Carlo method is used to estimate the obtained 
uncertainties. This method allows to take into account of the covariance when factors cannot be considered independent. 
 
The resulting model was validated for the measurement of the location of different points of the working space of a CMA Sigma 
2025 (ROMER®), then for the measurement of an industrial part in comparison with a measurement carried using a CMM. 
 
© 2014 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the International Scientific Committee of “9th CIRP ICME Conference". 
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1. Introduction 
Coordinates Measuring Arms (CMA) are increasingly 
used in business for various tasks ranging from reverse 
engineering of products to the control of their compliance 
with pre-defined geometrical specifications In  metrological 
applications, they are less efficient than measuring machines 
but can be used for with lower tolerances, but also in a 
workshop atmosphere for fastest specifications controls. The 
arms are generally constituted by a mechanical assembly with 
6 and 7 pivot links [see Erreur ! Source du renvoi 
introuvable.]. They carry out measurements using static or 
dynamic contact sensor or   laser contactless sensors. The 
measuring principle consists in performing the acquisition of 
the position (X, Y, Z) of a fixed point at the end of the arm by 
means of the indication of angle encoders of each liaison and 
the length of different elements The actually measured points 
are obtained by the knowledge of the characteristics of the 
probe attached to the tip or of the laser sensor. The 
measurements made by the arms depends on many parameters 
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and estimation of measurement uncertainty is not controlled. 
It is therefore necessary to improve this area to provide 
solutions to estimate the uncertainties. The objective is to 
develop a model for estimating measurement uncertainties of 
a CMA that can be directly used by the manufacturers and the 
users of these devices. The estimation of uncertainties will be 
in accordance with GUM Supplement 1 [1]. The most 
influential parameters are explained and then their influence is 
assessed, including the stresses due to the manipulation by the 
operator on the deformations of the structure, the temperature, 
the encoder resolution and vibrations. The studied arm is an 
arm SIGMA 2025 ROMER® that has 6 rotations. The model 
is built from a wire geometry description with the Denavit 
Hartenberg method and verified by a more realistic 
determination of deformation modeling with FEM. Measures 
with strain gauges are used to validate the model on four 
specific configurations of the arm. The comparison with 
measurement results repeatability of the position of a point in 
these configurations allows to validate the model. Finally, the 
model was applied to the determination of the uncertainties of 
measurements of the diameter of a ball bearing. 
 
Fig. 1 Sygma Romer CMA 
2. Modelling of measurement with coordinates measuring 
arm  
2.1. State of art 
There is no standard for the estimation of measurement 
uncertainty by CMA. Only a few recommendations as ASME 
B89.4.22 [2] or VDI 2617-9 [3] address the practical problem 
of evaluating the measurement performance of polyarticulated 
arms. Les quelques travaux qui ont été mis en œuvre restent 
des approches partielles. Multiba et al. [4] applied the 
recommendations of the ASME B89. Some works concern the 
calibration Santolaria et al. [5-7] or A. Sultan [8] which take 
into account the influence of temperature. 
Sladeck et al. [9] address the problem of theoretical 
modeling of the arms measurement error. They propose a 
correction by a compensation matrix (Articulated Arm 
Computer Aided Accuracy). Finally, some authors have 
incorporated the influence of the deformation of different 
parts of the arm. Li et al. a type arm scara. [10] and Hamana 
et al. [11] with a more current arm but by coupling the end of 
the arm at the head of a CMM with a double ball-bar, which 
changes the mechanical behavior of the arm. It is therefore not 
under normal conditions of use. The results also indicate a 
low influence of deformations. 
2.2. presentation of the model 
The strategy is to carry out a Monte Carlo model at several 
levels, it has already proven itself in a COFRAC accreditation 
for french technical center for mechanical Industries 
(CETIM). This strategy provides a simulation closer of the 
physics of the measurement: a first level corresponding to the 
carrier device and a second level applied to the evaluation of 
the measurand. The first level consists to determine by 
simulation, for all configurations possible CMA, the 
variability depending on external constraints (temperature, 
user handling, vibrations ...). This simulation allows to 
estimate the changes of the structure and, ultimately, to obtain 
the variations of the position of the "reference point of the 
CMA". This level 1 is complex and can be divided into sub-
levels of Monte Carlo simulations: the level 1.1, to know the 
positioning error of a point, the level 1.2, for identifying 
errors calibration from the level 1.1 and the level 1.3 for 
determining the fluctuations of the reference point [12].  
2.2.1. Geometrical modelisation  
The metrological behavior of the arm must be developed 
from a geometric model. The constitution of the arm is 
similary to that of the robots, the methods developed for 
modeling the control thereof can be used. The commonly used 
method is the one introduced by Denavit-Hartenberg [13]  
The model parameters are defined as follows: 
Ͳ A reference frame is noted Ri when applied to solid i (zi 
the axis is carried by the joint I; see figure 2); 
Ͳ xi-1 -axis is supported by the common perpendicular to zi-
1-axis et zi-axis. ; 
Ͳ Įi is the angle around xi-1 -axis between zi-1-axis and zi-
axis; 
Ͳ di is the distance, counted on xi-1 –axis, of zi-1-axis and zi-
axis orthogonal projections; 
Ͳ și is the variable around zi-1 -axis between xi-1-axis and xi-
axis;  
Ͳ and, ri is the distance, counted on zi-axis, of xi-1-axis and 
xi-axis orthogonal projections; 
 
Fig. 2 Denavit Hartenberg parameters  
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On the basis of homogeneous coordinates (4x4 matrix), 
the model consists of a series of operators connecting joint 
coordinates with parameters of distances and angles.  
Thus, i-1Ti - transformation between the coordinates 
systems Ri-1 and Ri , can be defined by the following matrix (1)  
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The complete transformation, from the coordinate system 
related to the sensor and the reference working linked to the 
fixed base of the arm, can be written as the product of the 
whole basic transformations: 
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To the arm considered in this study, the design parameters 
are given in table 1.  
Table 1. Model parameters of the Sygma CMA. 
  R1 R1b R2 R3 R3b R4 R5 R5b R6 Stylus
Įi (rad)  0 0 ʌ/ ʌ/2 0 ʌ/2 ʌ/2 0 ʌ/2 - 
di (mm)  0 0 0 68 6 0 0 0 0 - 
θi0 (rad)  - 
/
0 ʌ/
2
π 0 ʌ/2 0 0 π - 
ri (mm)  2 3 0 63 3 0 45 5 0 −118.
Signe to 
d
 + 0 - + 0 - - 0 + - 
Encoder  A B B C D D E F F - 
2.2.2. Development of uncertainties model 
2.2.2.1. Temperature influence 
Temperature fluctuations have a direct effect on the arm 
length of the beams, they vary according to fluctuations in 
ambient temperature. The expansion of materials is given by 
the linear law:  
ΔL = λ.ΔT.L,     (3) 
Where λ is the dilatation coefficient, ΔT, the assumed 
temperature variation and L, the considered segment length. 
The component of this uncertainty has been introduced in a 
previous study [14]. 
  
2.2.2.2. Influence of the encoder resolution 
Position errors resulting from the encoder resolution are 
taken into account in the model as a random fluctuation of 
each angular encoder in a uniform distribution whose 
considered dispersion is the encoder resolution. The encoder 
resolution is given by the manufacturer.  
2.2.2.3. Taking into account deformations 
The arm measurements are strongly subject to 
deformations of their structure. These distortions are due to 
the masses of the various components, but also to external 
solicitations, mainly those caused by the operator. To evaluate 
these strains, strain gauges were bonded to representative 
places deformations undergone by the arm. Unidirectional 
gauges permit to quantify the deformations of tension-
compression and bending, and the rosettes, the torsional 
deformation. Figure 3 shows the locations where the strain 
gauges are located 
 
Fig. 3. Places of strain gauges and rosette to determine the strains. 
The deformations were measured for 4 different positions 
representative of current measurement situations (see Figure 
4). To quantify the repeatability, a reference bar in invar 
presenting 3 positions with three spheres was used which 
allows to limit the repositioning variability to a value less than 
1μm (see figure 5). The first three positions correspond to the 
measurement of a point of one end of the bar and the fourth 
point to the other end. Measurements of different sequences 
were performed and repeated 100 times by passing by the 
reset position of the CMA. 
 
Position I-
1  
 
Position I-
2
Position II-1 Position II -2 
Fig. 4. Different configurations of the CMA                                
(type I: vertical arm and Type II: inclined arm) 
 
Strain Gauge 1
Strain Gauge 3Strain Gauge 4 
Rectangular 
Rosette 1 
Rectangular 
Rosette 2 
First Segment
Second Segment 
Strain Gauge 2
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Fig. 5. Calibrated bar in invar with three spheres  
The strain measurements allow to estimate the CMA 
deformation. The arm works in flexion like shows the results 
obtained by measuring gauges J3 and J4 which gives many 
equal and opposite values (see Table 2). The rosettes show the 
torsional deformations values. It is noted that they are 
different between the extremities of the segment. It can 
therefore be seen that the twist is not uniform.  This may be 
because of the influence of the elastic coupler that 
compensates the misalignment of the axes of rotation of the 
two parts of the first segment.  
Table 2. Measurement results of gauges in flexion (J3 and J4) and torsion (R1 
and R2) for the 4 tested configurations.  
Deformation μm/m Position I-1 Position I-2 Position II-1 Position II-2 
Gauge  max min max min max min max min 
J4 - -3 - -4 - -5 - -5 
J3 4 - 4 - 4 - 5 - 
R1 1 -0.3 1 0 2 -0.8 1 0 
R2 4  -4  3  -4  2  -4  4  -6  
From the indication gauges and with an assumption of 
deflection and of a torsional deformation, the displacement at 
the end of the first arm segment could be determined. An 
approach of beams under bending due to the own weight and 
concentrated solicitations and under twist, from the results of 
rosettes. 
Table 3. Estimated deflection and angular displacements of the first segment 
for the 4 tested positions. 
 Position I-1 Position I-2 Position II-1 Position II-2 
T (rad) 3.6 10-5 3.9 10-5 3.4 10-5 3.4 10-5 
F (ȝm) 4 7.5 7.8 8.7 
To validate these assumptions, a finite element modeling 
was performed using the Abaqus software. The composite 
parts were modeled from specific element taking into account 
the orientations of the carbon fibers (3 layers oriented at -20°, 
0° and 20° with respect to the cylinder axis). The links have 
been established with rotational constraint about the axis of 
the first link and without moving at the sensor level (see 
Figure 6). 
The solicitations have been established by the forces due 
to (see Figure 7): 
Ͳ operator, a hand supporting the sensor using the 
handle (orange arrows corresponding to the case 1 and 4) and 
the second hand supporting the second arm segment (brown 
arrow) 
Ͳ balancing actuator (green arrow);  
Ͳ proper weight  due to the field acceleration of gravity 
(gray arrow;) 
Ͳ contact forces at the connection to the base (yellow 
arrows) and the sensor (white arrow). 
 
Fig. 6. Imposed pivot joint between the first segment and the fixed base (left), 
zero displacement imposed on the probe (right) 
 
 
Fig. 7. Imposed forces for positions I1 and I2 (left) and II.1 and II.2 (right)). 
Knowing the forces by calculation (own weight) or by 
measurement with a balance (force due to contact of the 
probe), the forces exerted by the operator could be calculated 
by static equilibrium for each of the 4 positions. Table 4 
shows the comparison between the values obtained by the 
modeling and the MEF experiments. We note that the results 
are relatively close even if the values obtained by modeling 
are slightly higher. 
Table 4. Comparison between FEM and experimentation for Gauges J4 and 
rosette R2. 
Deformation μm/m Position I-1 Position I-2 Position II-
1 
Position II-2
Gauge  max min max min max min max min
J4 FEM 
-1 -2 -12 -10 
Experimentation 
-3 -4 -5  -5  
R2 FEM 1  0 2  -1 5  -6  7  -6  
Experimentation 4  -4 3  -4 2  -4  4  -6  
2.2.2.4. Consideration of vibrations 
Repeatability tests of measurement were performed by 
putting the device near a vibration source. We found that the 
repeatability is affected and we constate an increase of 15 to 50 
times the repeatability without vibration. This represents a 
significant difference and therefore the measures are distorted. 
For repeatability of distance measurement, there is less 
influence due to the compensating effects  
2.3. Implementation of the model 
To quantify the uncertainties due to the variables of 
influence including deformation, a simulation using the 
Monte Carlo method was performed. The different parameters 
taken into account are: 
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Ͳ The temperature that is integrated into the model by a 
rectangular distribution with zero mean and dispersion 
equal to λ.ΔT.L; 
Ͳ The encoder resolution is introduced in a uniform 
distribution with zero mean and dispersion equal to the 
considered encoder resolution; 
Ͳ The torsional deformations which are introduced in the 
model by a uniform angular distribution with a zero 
mean on the encoders E and C respectively θ3 et θ5 (see 
Figure 8) with the maximum values given by Table 3 ; 
Ͳ The bending deformations cause variances encoders B 
and D (θ2 and θ4) with an uniform distribution between 0 
to F given by Table 3 
. 
     
 
Fig. 8. Effect of bending (red arrows) and location of encoders affected by 
torsion (top) initial and deformed configuration obtained with Abaqus 
software (below) 
The results of uncertainties obtained on measuring the 
position of a point in a horizontal plane and in the vertical 
direction corresponding to the four configurations considered 
are shown in Table 5. We can note that the values are close 
which validates the correct prediction of the mode 
Table 5. Comparison of point localisation uncertainties obtained by 
measurements and with the model. 
  Position 
I-1 
Position 
I-2 
Position 
II-1 
Position 
II-2 
Experimental 12.2 10.5 8.7 8.8 
repeatability σZ 7.2 10.1 7.8 7.8 
Monte 
Carlo 
uncertainty 
15.4 17,9 7.6 8.8 
σZ 6.9 8,9 11.9 12.2 
3. application to the measurement of a ball bearing 
diameter  
To implement the model in a practical application, the 
diameter of a ball bearing was measured. It has previously 
been measured with MMT. The profile is given in Figure 9.  
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Fig. 9. Measured ball bearing (left); profile measured with MMT: 
measurement point in blue with the gap amplified a thousand times and mean 
squares associated circle in black. (right)  
The bearing was then measured with the arm in 36 
points along the external diameter. Several configurations 
with type I and type II have been carried out by repeating the 
measurements 10 times. Measurement deviations compared to 
the circles of least squares are given in Figure 10. The mean 
values of the differences between the measurement points in 
the horizontal plane (x, y) and the associated theoretical circle 
are given by the green curve and their deviations by the blue 
dots. We can note that the differences are greater than those 
found with the MMT and the variability depends on the 
measurement configuration. It is slightly lower for the 
configuration of type II which is consistent with the results of 
measurements of repeatability of the location of a point given 
in Table 5.    
 
 
Fig. 10. Results of measurement of external diameter in 36 points for 
type-I, configuration (left) and type-II configuration (right) 
 
 
Table 6 gives the results of the dispersion of the diameter and 
of the center position. Note that the uncertainty for 
measurements with type II configurations are lower than those 
obtained with type I configurations. To predict the dispersion, 
Encoder C 
Encoder E 
Encoder B 
Encoder D 
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it is necessary to establish the second level of modeling with 
the simulation of measurement dispersion of the measurand 
(diameter and center position) 
Table 6.  Diameter and center position measurement dispersion of ball 
bearing with Sigma CMA arm 
Ecart type 
(μm) 
Diameter Xcenter Ycentcr  
σD σx σY  
Mesures de 
type I 
11.5 5.9 7.2 9,3 
Mesures de 
type II 
14.7.2 5.7 3.9 6.9 
 
Using the model to estimate the dispersion measurements 
for different configurations for measuring of the 36 points, 
values between 12 and 16 μm for measurement configurations 
with type 1 and between 8 and 13 μm for configurations with 
the type II have been found. Note that the model 
overestimates the measurement dispersion. It is therefore 
necessary to refine it in particular by establishing a model 
taking into account the deformations corresponding to the 
exact joint configuration and not uniquely for both type I and 
II categories presented here.  
4. Conclusions and perspectives 
We have shown that it is possible to estimate with the 
Monte Carlo method the measurement uncertainties of a part 
by CMA. The taking into account deformations due to 
handling by the operator arm is determinative and they must 
be integrated into the modeling. They were taken into account 
based on the differentiation of two types of configurations, the 
arm being held in a vertical plane and manipulated with one 
hand by the operator or held in an inclined plane and 
supported by the two hands 
However, these distinctions are basic and it is necessary for 
greater clarity, to incorporate into the theoretical modeling of 
the arm, a deformable model depending on the exact 
configuration of the values of joint variables. A process of 
multilevel modelling, firstly taking into account the device 
model and secondly considering the measurand, is given. It is 
actually developed. It will take into account the errors due to 
the calibration that were ignored in this study.     
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